Free vibration of conical shells of variable thickness is analysed under shear deformation theory with simply supported and clamped free boundary conditions by applying collocation with spline approximation. Sinusoidal thickness variation of layers is assumed in axial direction. Displacements and rotational functions are approximated by Bickley-type splines of order three and a generalized eigenvalue problem is obtained. is problem is solved numerically for an eigenfrequency parameter and an associated eigenvector of spline coefficients. e vibration of composite conical shells consisting of three layers and five layers where each layer is made up of different materials is analysed. Parametric studies are made for analysing the frequencies of the shell with respect to the coefficients of thickness variations, length ratio, cone angle, circumferential node number, and different ply angles with different combinations of the materials. e results are presented in terms of tables and graphs.
Introduction
Laminated composite materials are widely used in engineering applications, since they have the ability to achieve desired weight as they have higher specific modulus and specific strength. Moreover, composite materials can tailor the mechanical properties. e strength and deformation of composite structural elements are influenced by ply orientation, stacking sequence, and material properties. e main aim of the designer is to control the unwarranted vibration, which in return leads to the failure of the structure. us, conical shell structures are source of attraction for most of the contemporary engineers for being stiffer structural element in modern construction. Conical shells structures have a wide range of applications in the fields of aviation, ship building, rocket, missile, and chemical industry.
Complex shells of variable thickness were examined by Kang [1] . Moreover, conical shells of variable thickness were investigated using the Haar wavelet method by Cao et al. [2] . Akbari et al. [3] studied the conical panels consisting of functionally graded materials using the generalized differential quadrature method. Similarly, the generalized differential quadrature method was used by Bacciocchi et al. [4] to analyse the vibration of plates of variable thickness and shells. A novel vibrational numerical method was used by Ansari et al. [5] to investigate the free vibration of composite conical shells. 2D-FGM truncated conical shell resting on Winkler-Pasternak foundations was studied by Asanjarani et al. [6] using the differential quadrature method for different boundary conditions. Domain decomposition method was used by Wu et al. [7] to analyse the free vibration of laminated conical shells resting on Pasternak foundation. Fluid loaded ring-stiffened conical shells of variable thickness were analysed for their free vibration using the transfer matrix method by Liu et al. [8] . Nejad et al. [9] investigated truncated conical shells having functionally graded materials with axially varying properties under nonuniform pressure. Singular convolution method was used to analyse the vibration of composite conical shells under shear deformation theory [10] . Analytical and experimental study for the free vibration of joined conical shells was carried out by Shakouri and Kouchakzadeh [11] . Galerkin method was used by Sofiyev and Kuruoglu [12] to find the solution of buckling of conical shells. Spline method was used to analyse the free vibration of symmetric and antisymmetric angle-ply conical shells [13] [14] [15] . Moreover, Javed et al. [16, 17] investigated conical shells and plates using the spline method. e Haar wavelet method was used by Xie et al. [18] to investigate the free vibration of conical shells and annular plates. Ma et al. [19] studied the free and forced vibration of coupled conical-cylindrical shells using the Fourier-Ritz method. Furthermore, Fourier-Ritz method was used to analyse the vibrations of composite laminated circular panels and shells of revolution by Wang et al. [20] . Su et al. [21] analysed the 3D vibration of conical shells, cylindrical shells, and annular plates. Transfer matrix method was used to study the structural and acoustic response of conical shells by Wang et al. [22] . Composite laminated shells were studied using unified formulation including shear deformation by Qu et al. [23] . Wu and Lee [24] studied conical shells of variable thickness using differential quadrature method and Sivadas and Ganesan [25] used finite element method to analyse cones of variable thickness. Moreover, variable thickness of loudspeaker cone significantly affects the performance of the loud speaker [26] . In addition, variable thickness also affects the performance and efficiency of radome and ballistic missile [27, 28] . e displacement and rotational functions are approximated using cubic spline and collocation procedure is applied to obtain a set of field equations. e field equations along with the equations of boundary conditions yield a system of homogeneous simultaneous algebraic equations on the assumed spline coefficients, resulting in generalized eigenvalue problem. is eigenvalue problem is solved using eigensolution technique to get many eigenfrequencies as we required [29] . e effects of frequency parameters with respect to the coefficient of thickness variations, cone angle, aspect ratio, circumferential node number, boundary conditions, and three types of layered materials with three-and five-layered conical shells are presented and discussed.
Formulation of the Problem
Laminated conical shell frusta of variable thickness along axial direction having arbitrary number of layers, which are perfectly bonded together, are shown in Figure 1 . e orthogonal coordinate system (x, θ, z) is fixed at its reference surface, which is taken to be at the middle surface. e radius of the cone at any point along its length is r � x sin α. e radius at the small end of the cone is r a � a sin α and the other end is r b � b sin α. α is the semivertical angle and ℓ is the length of the cone along its generator [30] . e displacement components are assumed to be of the form in [31] :
where u, v, and w are the displacement functions in x, θ, and z directions, respectively, u 0 , v 0 , and w 0 are the displacements of the middle surface of the cone, and ψ x and ψ θ are shear rotations of any point on the middle surface of the cone. e thickness variation of the k-th layer of the shell is assumed to be of the form
where h 0k is a constant thickness, and
where C s are the coefficients of sinusoidal variation. e thickness of the shell becomes uniform when g(x) � 1.
Since the thickness is assumed to be varying along the axial direction, one can define the elastic coefficients A ij , B ij , and D ij (extensional, bending-extensional coupling, and bending stiffnesses) corresponding to layers of uniform thickness with superscript "c" as
Here K is the shear correction factor, z k− 1 and z k are the boundaries of the k-th layer, and the quantities Q
ij are defined in [32] . In the case of symmetric angle-ply lamination, the laminate stiffnesses A 16 , A 26 , D 16 , D 26 , A 45 and all B ij are identically zero. e governing differential equations characterising the vibration of conical shell frusta of variable thickness including first-order shear deformation theory are derived in terms of displacement functions u 0 (x, θ, t), v 0 (x, θ, t), and w 0 (x, θ, t) and shear rotational functions ψ x (x, θ, t) and ψ θ (x, θ, t) using stress-strain and strain-displacement relations of the conical shell. e displacement components u 0 , v 0 , and w and shear rotations ψ x and ψ θ are assumed in separable form given as
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where ω is the angular frequency of vibration, t is the time, and n is the circumferential node number. Incorporating (5) into the governing differential equations, the resulting equation becomes in the matrix form as
where L ij are the differential operators and they depend on the variable x only and are given in [14] . e nondimensional parameters are introduced to modify the above equations as follows:
where λ is a frequency parameter, and
where c are ratios of thickness to radius and to a length, and
where β is a length ratio.
where δ is the relative layer thickness of the k-th layer. e new set of differential equations is obtained and given in the new set of matrix form as
e differential operators L * ij of the matrix are given in [14] . e following range of thickness coefficient is considered:
2.1. Spline Collocation Procedure. e displacement functions U, V, and W and rotational functions Ψ X and Ψ Θ are approximated by cubic spline functions in the range of X ∈ [0, 1] as given in [30] .
Here, H(X − X j ) is the Heaviside step functions. e range of X is divided into N subintervals at the points X � X s , s � 1, 2, 3, . . . , N − 1. e width of each subinterval is 1/N and X s � s/N (s � 0, 1, 2, . . . , N), since the knots X s are chosen to be equally spaced. e assumed spline functions given in (14) are approximated at the nodes (coincide with the knots) and these splines satisfy the differential equations given in (12) at all X s , resulting in the homogeneous system of (5N + 5) equations in the (5N + 15) unknown spline coefficients. To get 10 more equations, the following boundary conditions are considered in this problem:
(i) Clamped-free (C-F) (one end is clamped and the other is free) (ii) Simply supported (S-S) (both ends are simply supported)
Combining these 10 equations with the earlier (5N + 5) equations, one can get (5N + 15) homogeneous equations, so the number of equations coincides with the number of unknowns. us, we get a generalized eigenvalue problem in the form Shock and Vibration 3
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where [M] and [P] are the square matrices, q is the column matrix of the spline coefficients, and λ is the eigenfrequency parameter.
Results and Discussions
A convergence study was carried out for frequency parameter λ. e number of knots N of the spline function was set at 14 after a number of convergence trials.
In the present work, frequency of symmetric angle-ply conical shells is analysed with respect to the circumferential node number, length ratio, cone angle, sinusoidal thickness variation and different number of lay ups, material combinations, and ply angles for C-F and S-S boundary conditions. ree materials, AS4/3501-6 graphite/epoxy (GE), E-glass/epoxy (EGE), and Kevlar-49/epoxy (KE), are considered to analyse the problem. Table 1 shows the effect of circumferential node number n on the fundamental frequency parameter λ of three-and five-layered shells having ply angles of 45°/0°/45°(KE/EGE/ KE) and 45°/60°/0°/60°/45°(KE/EGE/GE/EGE/KE) for C-F and S-S boundary conditions, respectively. e parameters β � 0.5, c � 0.05, α � 30°, and C s � 0.5 are fixed. It can be seen from the results that three-layered shells show higher frequency than five-layered shells. Moreover, the fundamental frequency value is lower for C-F boundary conditions than for S-S boundary conditions. e effect of circumferential node number n on the fundamental frequency parameter λ of three-and five-layered shells having ply angles of 45°/30°/0°/30°/45°for S-S boundary conditions is shown in Table 2 . e parameters β � 0.5, c � 0.05, α � 30°, and C s � 0.5 are fixed. Different combinations of materials are used and, from the results, it can be seen that three-layered shells consisting of GE/EGE/ GE show highest frequency followed by KE/EGE/KE and GE/KE/GE material combinations. Moreover, five-layered shells consisting of GE/EGE/KE/EGE/GE show highest frequency followed by KE/EGE/GE/EGE/KE and EGE/GE/ KE/GE/EGE material combinations. e effect of sinusoidal thickness variation C s on the fundamental frequency parameter λ is depicted in Table 3 for three-and five-layered shells having ply angles of 45°/0°/ 45°and 45°/60°/0°/60°/45°for C-F and S-S boundary conditions. e parameters β � 0.5, c � 0.05, α � 30°, and n � 4 are fixed. e results concluded that the value of the frequency parameter decreases with the increase of number of layers. Moreover, there is a marginal difference in the values of the frequency parameter with the increase of sinusoidal thickness variation. Figure 2 describes the variation of angular frequencies ω with respect to the length ratio β of five-layered conical shells having material sequence as KE/EGE/GE/EGE/KE with ply angles of (a) 45°/30°/0°/30°/45°, (b) 45°/60°/0°/60°/45°, and (c) 30°/60°/0°/60°/30°for S-S boundary conditions. e parameters cone angle α � 50°, ratio of thickness to radius c � 0.05, sinusoidal thickness variation C s � 0.3, and circumferential node number n � 4 are fixed. Figures 2(a)-2(c) relate to the sinusoidal thickness variation. It is seen from the figures that the frequencies monotonically increase with increase in β, that is, with decreasing cone length. Since the frequency increases, it shows that the rigidity of the structure increases.
e increase of ω m (m � 1, 2, 3) is gradual and steady up to 0.1 ≤ β ≤ 0.6, and there is a rapid increase afterwards. For very short shells (β > 0.8), frequencies are very high. e variation of angular frequency ω m (m � 1, 2, 3) with length ratio β for three-layered conical shell under S-S boundary conditions is shown in Figures 3(a) as 30°/0°/30°, 3(b) as 45°/0°/45°, and 3(c) as 60°/0°/60°with material combination as GE/EGE/GE. e fixed parameters and curvature of the curves are the same as seen in Figure 2 but the angular frequency differs with layup and lamination angle. Figure 4 represents the variation of frequency parameter λ m (m � 1, 2, 3) with respect to the cone angle α for threelayered shells with angles of 30°/0°/30°, 45°/0°/45°, and 60°/0°/ 60°using GE/EGE/GE materials for S-S boundary conditions. e other parameters β, c ′ , n, and C s are fixed. e value of frequency parameter decreases as the cone angle increases; the decrease is strict within 10°≤ α ≤ 30°and steady afterwards. e value of λ m (m � 1, 2, 3) increases with the increase of lamination angle.
Five-layered conical shells are considered in Figure 5 to see the effect of cone angle on the value of frequency parameter under S-S boundary condition. It is seen that there is a significant decrease in frequency value for 10°≤ α ≤ 30°and the value decreases almost linearly within 30°≤ α ≤ 90°.
ree-layered conical shells with three different material combinations are considered in Figure 6 to analyse the effect of different cone angles on the frequency parameter. It is seen that frequency parameter value increases with the increase of ply angle. e difference in the frequency value for three different ply angles is more within 10°≤ α ≤ 30°and the difference becomes lesser within 30°≤ α ≤ 90°. Moreover, the frequency parameter value differs for different lamination material schemes.
Effect of cone angle on the fundamental frequency parameter value of five-layered shells with different material combinations and ply orientations is shown in Figure 7 for S-S boundary conditions. It can be seen from Figures 7(a) and 7(c) that ply orientation of 45°/60°/0°/60°/45°depicts highest fundamental frequency parameter value followed by 45°/30°/0°/30°/45°and 30°/60°/0°/60°/30°. Meanwhile, in Figure 7 (b), ply orientation of 45°/60°/0°/60°/45°depicts highest fundamental frequency parameter value followed by 30°/60°/0°/60°/30°and 45°/30°/0°/30°/45°. In addition to this material combination, EGE/GE/KE/GE/EGE shows highest frequency followed by GE/EGE/KE/EGE/GE and KE/EGE/ GE/EGE/KE material combinations. Figure 8 shows the effect of length ratio on the fundamental angular frequency value under S-S boundary condition of three-layered shells with different materials and ply orientations. It can be seen that, with the increase of length ratio, the angular frequency increases. Moreover, it can be seen from Figures 8(a) -8(c) that there is little difference in the angular frequency value for three different ply orientations and the angular frequency value differs for different material combinations.
Effect of length ratio on the fundamental angular frequency value of five-layered shells with different material combinations and ply orientations is shown in Figure 9 for S-S boundary conditions. It can be seen from Variation of fundamental angular frequency with respect to length ratio for five-layered shells having different material combination is shown in Figure 10 for S-S boundary condition. It is observed that the angular frequency value increases with the increase of length ratio. Further, material combination GE/EGE/KE/EGE/GE shows highest frequency and EGE/GE/KE/GE/EGE shows the lowest frequency.
ree-layered shells with 45°/0°/45°ply angles and three different material combinations are studied in Figure 11 to examine the effect of length ratio on the fundamental angular frequency value under S-S boundary conditions. It is observed that material combination GE/KE/GE shows highest frequency followed by GE/EGE/GE and KE/EGE/ KE. Shock and Vibration Figure 12 depicts the fundamental angular frequency variation with respect to length ratio for three-layered shells under C-F boundary conditions. e characteristic pattern of curve is similar to that in Figure 10 , whereas the frequency value decreases under C-F boundary condition as compared to S-S boundary condition. e effect of different material combination of fivelayered shells on the fundamental angular frequency is shown in Figure 13 for C-F boundary conditions. e characteristic pattern of curve is similar to that in Figure 12 Shock and Vibration material combinations. It is seen that angular frequency value is highest for 30°/0°/30°> 45°/0°/45°> 60°/0°/60°for all three combinations. For material combinations, the angular frequency value is GE/KE/GE > GE/EGE/GE > KE/ EGE/KE. Figure 15 shows the influence of cone angle on the fundamental frequency parameter of five-layered shells having different material combinations and lamination schemes under C-F boundary conditions. It is seen that angular frequency value is highest for EGE/GE/KE/GE/EGE effect of different lamination schemes on the frequency parameter value. Moreover, the frequency parameter value for λ 1 and λ 2 differs within 1 < n < 5 and increases steadily afterwards. Meanwhile frequency parameter value for λ 3 increases steadily as the circumferential node number increases. Figure 17 depicts the variation of frequency parameter value with respect to circumferential node number for C-F boundary condition. It is seen from Figures 16 and 17 that the frequency parameter value decreases under C-F boundary condition as compared to S-S boundary condition. Figure 18 : Continued.
Conclusion
e free vibration of symmetric angle-ply composite conical shells of variable thickness is analysed, including the effect of shear deformation. e equations of symmetric angle-ply conical shells of variable thickness were derived for simply supported and clamped-free boundary conditions. e manners of variation of the eigenfrequencies with respect to length ratio, ply angle, and thickness variation under two types of edge conditions are studied. ree-and five-layered shells consisting of three different materials and plies are arranged in symmetric manner and their effects on the frequency parameter are studied and presented.
e frequency values tend to increase, in general, with increase of the length ratio and circumferential node number of the shell. e increase in frequency shows that the rigidity of the structure increases. Meanwhile, frequency values tend to decrease with the increase of cone angle. Besides, the frequency parameter values remain almost the same with respect to sinusoidal variation. In case of ply angle variation, the value of frequency parameter decreases as the number of layers increases. Further, the frequency parameter values are higher when the support conditions are simply supported as compared to clamped-free conditions. erefore, results depict that the stiffness of the structures decreases or increases as value of λ m decreases or increases. e study has also brought out the elegance and usefulness of the spline function collocation method of solution for boundary value problems of the type discussed.
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